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(i) 
ABS TRACT 


In his paper [10] on almost continuous mappings, T. Husain 
makes the following definitions let f be a mapping of a Hausdorff 
topological space (X,) into a Hausdorff topological space (Ying : 
then f£ is said to be almost continuous at x ¢€ X if for each neighbour- 
hood V of f(x) in Y, £ +(V) is a neighbourhood of x. A 


function f£ is said to be almost continuous on X if it is so at every 


J.» Stallings, in [15], defined an almost continuous function 
f in terms of its graph I(£) = {(x,£(x))|x ¢ X} CX XY as follows: 
a function f from a space (X, n) to a space (Yea) is almost 
continuous if for every open set NC XX Y (with product topology) 
containing I(f) , there exists a continuous function g on X to Y 


such that I(g) CN. 


If we let X= Y be the real numbers with usual topology and 
: 2 : ae 
define the function g:X ~Y by g(x) = sin arayye (xX 4 O yoce(O)vee 07; 
then g is almost continuous by Stallings' definition, but not by 
Husain's, whereas if X = Y = [0,1] with the subspace topology of 
real numbers, and f:X ~Y is defined by f(x) =0,; for rational 
x, and f(x) = 1 for irrational x, then f is almost continuous 


by Husain's definition, but not by that of Stallings. 


Since neither definition implies the other we shail refer to 
functions satisfying Husain’s definition as H-functions, and those 


satisfying Stallings’ definition as S-functions. The symbols H and 
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(ii) 


S will be used to denote the families of H-functions and S-functions 
respectively on the space (X,) to (Y,o) where neither X nor Y 
is assumed to be Hausdorff. Following common convention, the symbols 
C and y* will denote the family of all continuous functions on X 


Looe, eatawere the family of all functions on “X to Y . 


A topology, [ , called the graph topology, was introduced 
by Naimpally [12] on the set F , having the property that S isa 
closed subset of (FT) - it is the purpose of this thesis to construct 
a new topology t for F in such a way that H becomes a closed sub- 
set of (F,T) » and to compare this topology with some known function 


space topologies. 
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(iii) 
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CHAPTER I 


A NEW FUNCTION SPACE TOPOLOGY 


1.1 Definition. Let (X,7) and (Y,p) be topological spaces. A 
function £ on X to Y is said to be an H-function, or feH, if 
for every x € X and every neighbourhood U of f(x) in Y, the set 


ep is a neighbourhood of x. 


A topology tT on F can be described in terms of convergence 
by specifying what is to be understood as the T-convergence of a net in 
F. (Kelley, [11], pp. 65-66). We therefore make the following 


definition. 


1.2 Definition. Let... (D, >) be a directed set and {fin e€ D} anet 
in iF . Theenée a is said to be T-convergent to f¢F, in 


symbols f. Ge > if amd only if : 


i) for each x €X,_ the net {£(x)} converges in Y to 
f(x) ¢ and 
ii) for every neighbourhood U of f(x) in Y, there exists 


n.€D such that if no ny then £-*(u) = £7 Yea) ° 


A set ACF will be called t-open if and only if no net in 
the complement of A is T-convergent to an element of A, and the 


symbol t will thus be used as well to denote the family of all T-open 
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subsets of F . Then the pair (F,T) is a topological space. (It must 
first be established that there does exist a topology for F such that 

the convergence of Definition 1.2 is convergence relative to that topology; 
see Kelley [11], pp. 73-74. This will be proved below by Theorem 1.7 


and is therefore assumed here. ) 


1.3 Theorem: The set H is closed in (F,T) . 


PrOOt a. Let el be a net in H_ such that fT +f. Let x eX and 


Ua neighbourhood of f(x) . For each no, £7 (U) is a neighbourhood 


of x, so there exists an open set G CX such that x¢G Cc £7 (U) 


There exists nm such that fat) Got sptorcal lant > n,. Thus 


xe G@ic aU) cf 1(U) and hence f1+(U) is a neighbourhood of x. 
oO oO 


Therefore f ¢H so H is closed in (F,t) by Theorem 2-C of Kelley [11], 


page 66, completing the proof. 


The pointwise convergence topology, p.c., for F is that topology 
having as subbase the family of all sets of the form. {f ¢ F|f(x) «U, 
x ¢ X, U open in Y} = W(x,U) . An obvious result of Definition 1.2 


is the following theorem. 


1.4 Theorem; -The pointwise convergence topology for F is contained in T 


1.5 Theorem: The evaluation maps e, from (F,mowtoge (X¢p) defined 


by e(f) = f(x) are continuous for every xc¢X. 


Proof; The pointwise convergence topology for F is the smallest topology 


for which the evaluation maps are continuous. (Pervin [13], p. 147.) 
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By theorem 1.4 they are also continuous relative to tT , completing the 


proof. 


Given an element f € (F,t) it is desirable to construct finitely 
many Open sets containing f , whose intersection is also open, i.e. to 
construct a subbase for the topology +t . Let f ¢€F _ be chosen, and 
let x €X such that U is an open neighbourhood of f(x) . We denote 
by the symbol [f,x,U] the set {g é Was) tee et) ce 6 1()} , where 


the notation illustrates that membership depends on all of f, x and U. 


Clearlyswe nave £ € [f,x,U). 


1.6 Theorem. [f) x, Ujeseepenwin: (Fs) 
Proof? Suppose [f,x,U]© is not closed. Then there exists a net 


(£_|n —€D} in [£,x,U]© such that eae 4g € [f,x,U] . Then we have 


g(x) € U and ert) or? fac) - There exists n, € D such that 

£"(u) = rig ae for n>n,. Therefore f, must fail to be in W(x, U) 
for all n> no Let D' = {n'e D|n' > ni} » Then (4, |n' er iee is 

a subnet of (e|n € D} which also converges to g. Thus £ (x) eve 
for all n' € D' since f£, fails to be in Wix,U) . Since U~ is 
closed and (£1 (x)} is a net in U° which converges pointwise to g(x) , 
it follows that g(x) ¢€ ihe » contradicting the supposition that 

g € [f,x,U] . Therefore no net in [f,x,U]© can converge to a point 


irl tox. so .|f,x;,U) isvopén in . 1. 


It will now be shown that a subbase for T consists of all 


sets of the form [f,x,U] defined above. Let sx be the family of all 


RE, Joutsanos of aldextasd at * act 


od .9.1 .neqgo oels ef perpen era o2orlw 1%. 


brs .s920rs od : ie. 361. T wal e ue & 
} mie 


#5 ‘aa 
Woe 


etoneb SW. (x)? te bootisudddgi aa nage ag ah 0 


ea 


exedw ., (Uy > W) T | (ue 2 J sees be pad fe 
.U bme x 3 to IIs no abaaqob ‘gifiertdnom ut deal ck ae 
Waal ee sd 


ee a 
.(t 4) oF meqo “a Cui 


‘ ant 
jon & ateixes axsdt nedT .beeols Jon ek aa 


eve oswonodT’ . (Ux.t] 2 g- ( 3) jedd dove 


¥ 


jed3 dove 1 3 of ajetxe iad . wy’ “32 

(Vax )W nt od 03 Tis? teum 3 sohszadT ae 1 
at ("a 3 ‘al, 2) dextt te ee 
*y - (x). 3 audT . 3 OF nog xsva09 oais dail 
ait “U sonte . (Ux)W anak pit! Bs’ elist aon ‘i 

« (xg. of satwoiteg esgzavnod Pr, Be. 8 
sedi notiieoqque 903 esis 


Snieg 8 oF 9gisvno> neo 


fis to etetenoo a 


Efe Qo ylkmst sda ad 


unions of sets which are finite intersections of sets of the form 
beat eefOrastecer ./ xve X. £(x) €\U. open-in «YY. Then, xis a 


topology for F , and it will be shown that n=T. 


1.7. Theorems A net bie] in’ (& sis siaconvergent to, f.¢.F (if.and 


only if it converges to f in (F, 1) ‘ 


Proof: Let oie be a net in F_ such that 4 £. Let W be 
any element of x with f¢W. There exist finitely many sets [f,x,,U,] ’ 
=e ee¢eeeh containing £, such that £/¢ Ai, [f,x.,U,] GiW . For 
each i, the set [£,x,,U,] is open in tT and f€ [£,x,,U,] ; so 


there exists n. such that t 3 [f,x,,U, ] Foren >neO. Let 


n on 


n ese n 
Oar eens : 


k 
7 Then fs € ay [f.x,,U,] = W. -for 1 eae . Thus 
(ia converges to f in the space (F,x) . Conversely, if {£,) 
converges to f£ in the topology 2a, then given U open with f(x) ¢€ U 
the next tis) is eventually in [f,x,U] . Thus £ (x) is eventually 


in U and £*(U) is eventually a subset of £7(U) . So by Definition 


1.2 we have f. Le ¢ » completing the proof. 


1.8 Corollary: tT=x, thus {[£,x,U]|£ € F, f(x) € U open} is a 


subbase for T % 


Proof: A topology is uniquely determined by convergence of nets. 


(Kelley [11], p. 65.) 
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CHAPTER II 


PROPERTIES OF ALMOST CONTINUOUS FUNCTIONS 


In this chapter we shall discuss the conditions under which 
the properties of S-almost continuity and H-almost continuity are preserved 
under composition and restriction of mappings. Certain results of Stallings 


[15] are included for completeness of exposition. 


2.1 Theorem: Let X, Y and Z _ be topological spaces, and let 
f°X —Y be an S-function, and g:Y ~Z continuous. Then gf:X ~Z 


is an S-function. 


Proof: Let N be open in XX Z such that I(gf) CN. Define 

eix Ko Vewe eZ ta by e( x, y) = (x,g(y)) . Then g is continuous, hence 

ze 2(N) is open in XX Y. Let (x,y) ¢ I(f). Then g(x,y) = (x, e(y)) = 
(x,ef(x)) e T(gf) CN. But (x,y) ¢ g? g(x,y) cgi(N) so I(£) c 

g t(N) . Thus there exists a continuous function F!X ~Y such that 

ROE yc g -(N) » Now gF:X ~Z is continuous and GY ec Nee eo iomd 
(x,z) ¢ T(gF) we have (x,z) = (x,gF(x) = g(x,F(x)) cg(I(F)) gg (ND CN. 


Therefore gf is an S-function. 


2.2 Theorem: Let £°2X —Y be an S-function and C a closed subset 


of .X_.. iL Then £/C is an S-function. 
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Proof: Let N be open in CX Y_ such that T( £|c) CN. There 
exists an open set N cCxXxY such that N = Nn" n (c XIX) se *theiset 
U=N U(X-CXy) is open in XX Y. If x€C then (x,f(x)) = 
(x,£|C(x)) e T(flc) CU and if x eC “there xotlx ee e2X-C X.Y. 

Thus I(f) CU, and since f£ is an S-function there exists a continuous 
function F:X ~Y such that I(F) CU. Now F|C is continuous, and 
I(F|C) CN} for if (x,y) ¢ T(F\c) then x¢C and y =F(x) s0 


x 
(x,y) ¢€ I(F) CU. Thus (x,y) ¢€ N CN. Therefore £f|C is an S-function. 


A topological space is said to be Ty or Hausdorff, if distinct 


points are contained in disjoint open sets. 


2.5 Theorem: Let X be a compact Hausdorff space, Y a Hausdorff 
space, and Z any topological space. If £2:X —Y is continuous and 


g-Y —Z an S-function, then gf:X ~Z is an S-function. 


Proofs Since X is compact and f continuous then f(X) is closed 
in Y. Thus glf£(X) is an S-function by Theorem 2.2. We may therefore 


assume without loss of generality that f£ maps X onto Y. 


Let N be open in XX Z with I(gf) CN. Define f,:KX Z->YXZ 
by £, (x, z) = (f(x),z) . Then f, is continuous and f,(T(gf)) = 
{(£(x), gf(x))|x ¢€ X} = I(g) . Since Y is Hausdorff, singletons are 
closed in Y , hence f(y) is closed, and therefore compact in X 
for any y€Y. Let y€Y, and for every xef My) let N be 


an open neighbourhood of x and M_ an open neighbourhood of egf(x) = ely) 


such thateen ~ M.CN. Let N,N 4cee,N be a finite cover of 
x x XX 
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z vt 
k 
U Jegepeny in oy « Let W =U xX (0. °M Open in YX Z. Then W 
y y y isl x, y 
k 
is a neighbourhood of (y,g(y)) 3: for g(y) « Ay M, and for each 
i 
ar k 
x, we have x, € f (y) so £(x, ) =yeé £( U, Nx.) . thus 


k k 
= = - - “1 = 
y ¢ £[X ae N ory QU. a Y £[X dy N - Now fy (W.) 
{(x, z)|((x),gf(x)) € Wy) ]T(gf).c.N.. Let. .W.= ‘ Dey Wy ehenaaW 


is an open set containing I[(g) , thus there exists a continuous function 
G:Y +Z such that I(G) CW. Then Gf is continuous and f,(I(Gf£)) = 
£,{(x, GE(x)) |x € X} = {(£(x),Gf(x))|x ¢ X} = T(G) CW. Hence [(G£) c 
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continuous function such that I(Gf) CN, so gf is an S-function. 


2.4 Theorem: Let X, Y, Z be topological spaces. If f:X ~Y is 


an H-function and g:Y ~Z is continuous, then gf:X ~Z is an H-function. 


Proof: Let x ¢X with gf(x) € U open in Z. There exists an 


open neighbourhood V of f(x) such that V Sort). Thus el a i 


fey) ee eee) so £e-(y)ic Cef) 7(U).. Since £e¢/H, there 
exists an open neighbourhood G of x such that Gc €a°(3) « Therefore 


x €Gc(gf) 7(U) so gf is an H-function. 


It remains an open question whether, or under what conditions, 
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the conclusion of Theorem 2.4 holds when f is a continuous function 
and g is an H-function. If, however, both f, g are H-functions but 
not continuous, then the composite function need not be an H-function, 


as in the following example. 


2.5 Example: Let X= Y= Z _ be the space of real numbers with usual 


Open interval topology. Define the functions f and g by 


f(x) 


{ e+x3 if x is rational 


afte. © {f x 4evirrational 


-2+xj; if-x is rational and x +2 
g(x) i | 
e+x;3 Lf eo Sigearrational oF @o=:2) 5. 


Then f and. g are both H-functions on the Reals to the Reals. However, 


the composite function gf has definition 


ae Ne if x+0 


ee 1 oe Kae 


which is continuous everywhere except at zero. The interval (3,5) is 
an open neighbourhood of gf(0) and (gf) *((3,5)) = {0} U [3,5] which 
is not a neighbourhood of zero. Hence gf fails to be an H-function 


at zero. 


We conclude this chapter with a counter-example showing that 
the restriction of an H-function to a subset of its domain need not be 


an H-function. 
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2.6 Example: Let X= Y be the real number space; let A _ be the set 
of rationals and I the set of integers. Define the function f:X ~Y 


as follows: 


Laat Ps LiL exne etal) iN 
f(x) = { 


—2+x; if. xaGeAue. I 


Then f£ is an H-function since the non-integral rationals are dense in 


the reals. 


Now £\A is not an H-function, since it fails to be so at 
every integral point. For let n ¢€ I and choose the neighbourhood 
(n,nt2) of f£[A(n) = n+l. Then £|A *((n,n+2)) = ({n} U [nt2,n+4]) NA 


which is not a neighbourhood of n in the subspace A of X. 


Again, it remains an open question whether the analogue of 


Theorem 2.2 holds for H-functions. 


a rae St aan 
ns aT | os! rae) 
“a ae e pe 
jaa od3 od & Dol wanes set en a “or ii 
a =e. ae" 

Ye Xt2 nokdoau2 outa ses amsssh adie . Tos nS 
; oF a6 ite 
> 2 pe eae , its aa a 


oo n oi | 
ah a 
A i's oe 38 avy me 
aii 


. I - A 2 P 4 3 .s Wie a iA eo 
ne ee ae “a Wor ‘ 
cal | 


a) 


fendties ‘Ipageiad- -a00 sis shill 


nt sensb 916 8 


f a +7 —_ 
4s o2 sd od efiet 31 sonte .nolisiwi- “H 8 hel a ! fi a 


“ 


boodwodrigisna eit sacods bas T 2 # 1af 0% 


$< $$ 
AN 1 (Ltente Gen] U {n}) = (S400) Ala ngeit ; es 
i< hogy ; 
. Xx Fo A - soagedue oda at a to ale drigten 
A - ek 
wie 


aly 


to sugolens eds dnitinite noiteaup 19g ns ante 


/ 


ae ee 
CHAPTER III 


THE GRAPH TOPOLOGY AND COMPACT-OPEN TOPOLOGY 


Before proceeding to a discussion of a comparison of the 
topology tT with known function space topologies, we include from 
Naimpally [12] the pertinent theorems concerning the comparison of the 


graph topology with the compact-open topology. 


3.1 Definition: For each open set UCXXY let Fo og oe 5 F|T(£) SS 
The graph topology [I on F(X, Y) is that topology having as a base the 


family (F,,[U open in XX Y}. 


It was shown above (Theorem 1.) that p.ce CT, with no 
restrictions necessary on X or Y. A comparison of p.c. with [I 
however requires that X bea T space (i.e. a space in which singleton 


1 


sets are closed). 


A topological space is said to be qT) if for each pair of 
distinct points x, y, there exist open sets U, V such that xeU, 


x ¢ Vand 47 €%, avy ¢ U , which is equivalent to requiring singleton 


sets to be closed. 


3.2 Theorem: If X is a T, space then p.c. CAF for FEXP¥rs 


Proof: If Wla,U) is any subbase element for p.c., the set 
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V = (XX U) U (X-{a} X Y) is open in XX Y, = and Fype= W(a,U) . 


A subbase for the compact-open topology k on F(X,Y) consists 
of the family of sets of the form W(K,U) = {f « F/£(K) CU, K compact 
in X, U open in Y}. Since every singleton is a compact set it is 


clear that p.c. Ck. In addition we have the following theorem. 
3.3 Theorem: If X is a Hausdorff space, then k CTI on F(X, Y) ;: 


Proof: If W(K,U) is a subbase element for k , then the set 


V = (XX U) U ((X-K) X Y) is open in XX Y, and F 


W(K,U) . 
5.4 Theorem: If X is compact and Hausdorff then k =I on the space 


Chit) oH. 


Proof: Because of Theorem 3.3 we need only prove that [Ck on 

C(X,Y) . Let M be an open subset of the product space XX Y and 

EF te gkor each (x,f(x)) ¢ I(£) there exist open sets Gand H. 
such that x € CG, »  £(x) € Hy and Go x Ht = M. since “= is continuous 
there exists an open neighbourhood As of x _ such that £(W. ) = H . 


Let U =W fl i « Since X is compact there exists an open neighbourhood 


VY Of x ‘suchethat VocU. Then £(V. \CH 3) The family [V |x € X} 
X x x x x x 


is an open cover of X, hence it admits a finite subcover (Ve | i = Li Gs 0005 he 
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n = 
% Cl Meo. er H i i 
(g) hus f ¢€ ity hr x, oS Eu so Pu is open in k, 


completing our proof. 


In general, the inclusion k CI is proper when X fails to 


be compact. 


5.5 Example: Let X= Y be the set of all real numbers with the usual 
topology. Let f € C(X,Y) be defined by f(x) =x for all xeX. 

Let €>0O be given, and let U_ be the open subset of XX Y consisting 
of the union of all ¢€-disks with centers at the points of ré¢) - Then 
T(f) CU so f£€F.. Suppose Kio Kyy eee K are compact subsets of 


U 


n 
X and U U__ open subsets of Y such that f € |, WK,,U.) . 
n Rh phe TRE 


a a, 
Since no finite union of compact sets covers X , there exists a real 
number p ¢ A K. which is closed. Thus there exists 68 >0O _ such that 
A= {xe X/|x-p| <5} is a subset of (U, K,)° « Define the function 


g-X —~Y as follows: 


£( x) Pegi CoA Or 


2e€-4+ 6 
fo) 


g(x) = (x-p+5) + p-5 3 if p-8<x<p 


aaa (x-p-5) + ptS 3 if p<x < pid 


Then g(p) = p+ 2e and g is a continuous function satisfying 
n n 
° r i 
g€ 0, WK, >U,) But I(g) ¢ Uso iy WK,» U,) is not a subset of 


Fy - Therefore k is properly contained in I . 


The following theorem, due to Naimpally [12], supplies motivation 


for the definition of the graph topology [I . 
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4.6 Theorem: The set S of all S-functions on X to Y is closed 


in (F,T) . Moreover S = fe . 
Proof: Let (£|n € D} be a net in S_ such that fo smote As halet= 
topology [T . Let U be open in XX Y such that f € Fy . There 
x * 
exists n ¢€ D such that f ¢€ F, for n>n _ . Since fy, is an 
n 


S-function, there exists a continuous function g such that I(g) CU. 


Thus) fe Stso. S is closed. 


To prove the second assertion, we observe that since CC 


[mn 


and S is closed, then CCS. The reverse inclusion also obtains, 
since every I-neighbourhood of an S-function contains a continuous 


function, hence C = 


[In 
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CHAPTER IV 


COMPARISON OF FUNCTION SPACE TOPOLOGIES 


We now discuss a comparison of the topology T with the compact- 
open topology k , and the graph topology, I. It was found that mean- 
ingful results were possible only if the space X was assumed to be a 
total space (i.e. a space in which every open set is closed). Non-trivial 
total spaces do exist: consider for example the set N of positive 


integers, with the "Siamese-Twin'' topology having as a base the collection 
g SY & 


Be 2h BAS 4},{5,6}, ce ey 


4,1 Theorem: Let X bea T, space and Y a total space. Then the 


topology T on C(X, Y) is contained in the graph topology. 


Proof: Let. f € C(X, Y) and Xo eX we with f(x.) € U openin Y. 
We show the existence of an open subset V of XX Y_ such that 


Ry = [f,x,,U] ; 


Let V = [(X xX U) U (X-(x} x ¥] N [f£°2(u)° x U)" . Then v 
is open in XX Y_ since (x, } is closed and, by continuity of f , 
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V 
thus eg é W(x, U) . If xe g(t) og t(U) then g(x) € U. But 


(x,g(x)) ¢ T(g) so (x,g(x)) ¢ f4(u)° x U.. However, g(x) € U 
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so x must fail to be an element of f£ *(U)°© . Therefore x ¢ f 24(U) c 
£4(U) proving that g4(U) c £+(U). Therefore g € [£,x,,U] so 


Fy € [f,x,,U] ° 


To prove the reverse containment, let g «€ [f,x,,U] - Then 
gé wW(x,,U) so that I'(g) e (kK X ® U (X-{x,] x Y) . For any 


(x,g(x)) ¢ T(g) we consider two cases: 


Peetene(x) 6 cam then x €g 4(U)¢ g4(u) ce tn) £ 4D) 
so x ¢ £ 1(u)* - Therefore (x,g(x)) ¢ [f°*(u)© x U] so it follows 


that (x,g(x)) « [e2(u)° x UI. 


ii) if g(x) €U then g(x) ¢ Uso that (x,e(x)) ¢ [f *(u)* x U] . 


Therefore (x,e(x)) €« [f (u)° x Ul® . 


Therefore, in both cases I(g) Gt feels x Ta SOE ys 


Therefore [f,x,.U] seek which completes the proof that Fy = [f,x,U]. 


V 


4,2 Corollary: If X is compact and Hausdorff, and if Y is a total 


Bpate;fthen ip.cancimeaili= ki_on (XX) & 


Proof: By Theorems 1.4, 4.1 and 3.3. 


In the event that Y fails to be a total space, the topology 
T is not comparable with either k or I ; for consider the following 


example: 


4,3 Example: Let X= Y= [0,1] with the usual topology. (Then, 


since X is compact and Hausdorff we have k =I on C(X,Y) -) Define 
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the function f£:X ~Y by f(x) = d ror mils KK exX YF Let 20; be the 


2 
: Ls ip 
open neighbourhood (7p D of 5? aid M=xx* OS [ihen f é Pu and 
we show that Pu is not Open in T . Suppose x € X and U, open 


n 
in Y have been chosen such that f € ify [f,x,.U, | - Assume without 


loss of generality that O< x, <x,<...<x <1. Then f(x. ) @ U, 
= = i 


n 
Pomevice 2s, T.5 1 “SOt = € iy U. - Furthermore f *(U,) = X for all 


Now O ¢ O , »so.we define the, function | g3X —~Y _ by 


f i : - 
(x) Lf +x <@ (xX) 

Ox-xX_-x X,+X 

2 ; 1 a? 
(4.3a) g(x) = Bee LE) xa (x,, 5 ] 
1-2 
EX-K) “Xp ee ae pau ee *) 
2(x,-x, ) Ora nee ‘ 


Then g é€ C( X,Y) and g(x, ) = £(x, ) € U, - Furthermore Seay) =O, S 


) 


“el ‘ : 
sUol 
f (U,) rOreeach “1°57 9s0 Te /¢ ify [f,x, fl Now the point 


x_+x X_+x x, +x 
(+, g( + =) = (+, 0) ¢ Miso. 2 ¢ Eu - Thus no T-neighbour- 


hence F is not open in Tt.  There- 


hood of f is contained in Fur ; M 


fore [dst and, since k=I wehave k¢dr. 


We proceed to show that t¢I. Let £(x) = x and let on + 
Let U_ be the neighbourhood (fs 2) of f(x.) - Then [f,x,U] sO a 
T-neighbourhood of f . Suppose the open set McC XX Y has been chosen 
such that f € Fu - Then the point (ps t) € M so we can choose € >0O 
1 1 Coy th 1 1 ne 
and € <7 such that (jp 7) E Or “Ese ay it €) xX Ge dij TI e) CM. 


Define the function g: X ~Y as follows 
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Fang for x<E-s or x>T 
(4.3b) g(x) = bx + 953 for Eo E<*SECE 

-2x +? for E-E<x<y 
Then g ¢C(X,¥) , and clearly [I(g) CM since for all x é€ (F - x iD) 
we have that 7 - $i g(x) < t + 5 so (x,g(x)) €M. Thus ge iat 
But r+eeU and e(P+s)=E-E £4 52(y) - ip 2 since €>0. 


Thus g 4(U) ¢ £7(U) so g ¢ [ [f, x U] . Therefore no [I neighbourhood 
of £ is contained in [f,x,.U] Xe) [fx ,U] is not open inI . There- 


fore t¢TI and hence tT¢k. 
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CHAPTER V 


SET-OPEN TOPOLOGIES AND SIGMA TOPOLOGY 


Arens and Dugundji [1] introduced a large class of topologies 
on C(X, Y) uf y ,» called the set-open topologies, whose definition is 
patterned after the k topology, except that arbitrary families {A} 
of subsets of X are admitted. A subclass of these topologies, called 
the sigma topologies, defined in terms of converings of X were also 
discussed, and members of both classes were characterized in terms of 
the notion of continuous convergence. It is the purpose of this chapter 
to investigate this method of classifying topologies on y* » and to 
determine conditions under which previously discussed topologies are 


subject to such classification. 


It is recalled that a directed system (A, >) consists of 


a non-empty set A 


4i) suet My 2p and Hy > ls then H, 2 Hs 


iii) if Hy» Hy € A, there exists e A such that yw, > Hy 


a 3 
Every directed system (A, >) gives rise to a directed space 


A' = AU {ow} where o ¢ A, and the topology in A' is obtained by 


letting each {} be an open set, and letting neighbourhoods of © be 


{u} on which is defined a partial order > satisfying 
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sets of the form (u') = {u e O/fu>u'} for some pi eA, 


Suppose 2 = {w} is another directed system and AX 2 


{(u,w)/ 


He A, wen}. If we define (u,w) > (u',w') whenever both u 


LV 


UL 


and w>w' then AXQ is also a directed sytem. 


We recall further that a net or directed set in a space X 
is a function on a directed system A with values in X , denoted by 
(x,},, <A OF simply (x) where no confusion can arise. A net (x) 
converges to x € X , written Ap —>x , if and only if for every open 
set G containing x, there exists Hw’ ¢€ A such that if iu abs then 
x €G. Furthermore, a function f:X —~Y is continuous if and only 


U 
if for every net (x) fia eel £ x, Ox then £(x,) + f(x). . 


We let vie denote the class of all continuous functions on a 
space (X,7) to a space (Y,o) . Without reference to a topology on 


X 
Y we make the following definition 


5.1 Definition: A net (£/u € A} in Y* is said to converge continuously 
X 
to f£ ¢€Y if and only if for every net (x, /w € 2} in X which converges 


to x €X, the net (£ (x )/C 0) € AX 2} converges in Y_ to f(x) . 


X : 
The class {t} of topologies on Y can be classified according 
X i" 
as (i) convergence in Y(t) implies continuous convergence, or (ii) 


F Rg is 
continuous convergence implies convergence in Y(t) . 


An alternate approach to the same classification is to consider 


a third space (Z,) and a function g:Z X X ~Y . We can define an 


x X x 
associated function g ?Z.—Y by letting g (z)(x) = g(z,x) . Then 
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X 
a topology t for Y may be such that for any space Z, (iii) if 
% x 
g is continuous then g is continuous, or (iv) if g is continuous 


then g is continuous. 


It will be shown below that (i) is equivalent to (iii) and that 


(ii) is equivalent to (iv). We make the following definition. 


5-2 Definition: A topology t_ for y* is said to be proper if for 


any space (Z,A) the continuity of g:Z xX X ~Y implies the continuity 
* * 
OLF Powe +y*(t) where g (z)(x) = g(z,x) . A topology t for se is 
¥ 
said to be admissible if for any space (Z,A) the continuity of gore ~y*(t) 


x 
implies the continuity of g:Z X X ~Y, where e(z,x) = g (z)(x) . 


X 
523 __ Theorem: A topology t for Y is admissible if and only if the 
mapping w:X X y(t) —Y defined by w(x,f) = f(x) (called the evaluation 


map) is continuous jointly in x and f. 


X X 
Proof: Let t be admissible for Y . Choose Z= Y(t) and let 
es X x 
i :Y (t) ~Y(t) be the identity map. Since i is continuous, then 
by Definition 5.2 so is the mapping i where i:y*(t) xX X ~Y is defined 
x x x 
by i(f,x) = i (£)(x) . But i (£)(x) = f(x) since i is the identity 


map on y(t) . Therefore the mapping wi(x,f) ~f(x) is also continuous. 


% X 
Now suppose w:X X y(t) —Y is continuous and let g :Z ~Y(t) 
* 
be continuous. Define h:X X Z ~X X y(t) by hOx,:2) = x, ee). 
x 


Then h is continuous since g is continuous. Now w(h(x,z)) = 


* * x 
w(x,g (z)) = g (z)(x) so wh is the associated map for g , namely 
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g itself. Since w and h are continuous, so also is g=wh. 


Therefore t is admissible. 


P X 
5.4 Theorem: A net (£,) in Y converges continuously to f € Y 
if and only if for every neighbourhood W of f(x) there exists u' € A 


and a neighbourhood V of x such that if Hw >u' then £ (Vv) coWes 


Proof: Suppose (f£,} converges continuously to f, and let W be 
any neighbourhood of f(x) . Let (ww € 2} be the system of neighbour- 
hoods of x, directed by set inclusion. For each w € 0 choose X € NA 5 
then the net {x} converges to the point x. Since (£,) converges 
continuously to f, then given w€% there exists u' € A’ such that 

$f Se then £(x,)) € W. Since the choice of x, was arbitrary, 


then f(x) esW :for all x é€ NB Lf) > ae Let Vie No so that 


£(v) ow fore Sy 9 


Now, suppose such a w' and V_ exist for every neighbourhood 
We of ef(x) be Let {x,,|w eQ} be a net in X_ such that : There 
exists a wu' € A and a neighbourhood V of x such that if uw >u' 
then £ (Vv) CW, and there exists w' € 2 such that if w>w!' then 


1 0 ’ 
x eeV ou’ Leta (ww) > 6u'go" )u.> Then x, € Vand £ (x) € £ (Vv) Cc W 


so £ (x) € W, proving continuous convergence. 


525 Theorem: A topology t for y* is proper if and only if for every 


X 
directed system (A, >) and every net (£,|u gid) oin gY g0 if rs 


X P 
converges continuously to f ¢€ Y , then f is t-convergent to f. 
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Ezcot. Suppose t is proper for ys and let (é,[u € A} converge 
continuously to f «€ y* - Let A' = AU {ow} be the directed space obtained 
from A, and define g:A' X X ~Y by g(u,x) = £ (x) and g(o,x) = f(x) . 
By Theorem 5.4 g is continuous, since if f(x) ¢€ W open, then there 


exists wu! 


é A and an open neighbourhood V of x such that (m,x) € (u') XV, 
a (ui) X V) = (£,(x) Ju>u', x ¢€V} CW $ similarly if £ (x) € W. open, 

then there exists a neighbourhood V of x_ such that £ (v) CW thus 

(u,x) € {u} XV and g({u} XV) = £ (Vv) CW. Now since g is continuous 

then by hypotheses so is g tA! y(t) - But the identity function on 


& 
Ato A' is anet in A' which converges to o. Thus g(t) converges 


x 
toicls Wealt Lf or, &5£ 


% % 
u gu) >¢ Weep = ff © ‘Thus fi converges in t to 


f as desired. 


Conversely, suppose continuous convergence implies t-convergence, 
and let g:ZX X ~Y be continuous. Let (2, | ¢ A} be a net in Z 
converging to ze¢«Z. Then for each ae » the function g (2) € y* 
so is continuous. Thus (e (2,)|u e A} is a net in y* . Let 
(x,,|o é€ 2} be a net in X converging to x €X, and let W be an 
open neighbourhood in Y of Sf ate) . By continuity of eg (z) ; there 
exists w' € 2 such that if w>w' then g (2)(x,) € W. Thus there 
exists w' ¢ A such that if w>u' then g (z,)(x,) € W whenever 
g (z)(x,) eW. Let (u,w) > (u',w') . Then g (2,)(x,) é W so g (2) 
converges continuously to el 2) - By hypotheses, then g (2) is 
t-convergent to 5 (2) so deni) E y(t) ; Anat is, sits is continuous. 


*% 
Therefore, continuity of g implies the continuity of g e045 tia 


proper. 
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X 
5.6 Theorem: A topology t on Y is admissible if and only if for 
X 
every net (é, | ¢€ A} in Y , the convergence of E to f in the 


X 
space Y(t) implies continuous convergence of rs LO ears. 


Proof: Suppose t is admissible for y* - Let (£,[h e A} bea 
netudn at Msueh that (£3 is t-convergent to f € varr set 

{x,,| ¢€ 2} be a net in X which converges to x € X and let W be 

an open neighbourhood of f(x) . Define wzX X pete by w(x,f) = f(x) . 
By Theorem 5.3 w is continuous, hence there are neighbourhoods V of 


xuesnd me wesoreet such that wi¥ X F) c.W.. There exists (w',y') ¢ 9 xX.A 


suchethat £650(W.i) > (0%, ') then fi, €F and x, ¢€V. Thus (x > £,) € 


I] 


Voor oes w(x» f) £ (x,) éw(V X F) CW. Therefore (f,) conver ges 


continuously to f. 


Now, suppose t-convergence implies continuous convergence, and 
let Z be any space and e 1Z ey tt) be continuous. Let ((z x) | 
ub € A, we} be anet in ZX X which converges to (z,x) €2Z2XX. 
Since projection maps are continuous, the net {z J converges to 2Z 
and {x} converges to x. By the continuity of = ,» the net 
(gs (z,)} converges in t_ to eh - But t-convergence implies 
continuous convergence, hence (s (2,)(x,)} converges in Y to 
gn ( 2) Ge) bee BUL g (2,,)(x,) = g(2,,>x,,) so the net (e(z>x,,)) 
converges in Y to ENE = g(z,x) . Therefore g is continuous 


X 
so by Definition 5.2 t is admissible for Y . 


Since we are concerned with various topologies on the set 


Y , it is convenient to introduce the following definition: 
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5-( Definition: Let t and u_ be two topologies on a set E. We 


Sayest =< su Conmrl >t) if for every Vet we have Veu. 


In the above definition, the relation < defines a partial 


ordering for the class of all topologies on a set E. Birkhoff [2], 


p. 173. 


5.8 Theorem: Let t and u_ be two topologies for a set A. Then 


t <u if and only if the identity map i:(A,u) ~(A,t) is continuous. 


Proof: The identity map is continuous if and only if every element 


of t is also an element of u. 


X 
5.9 Theorems, Let t ‘and, wu» be two topologies for Y . Then 
i) if t is admissible and t<u, then u is admissible. 


ii) if u is proper and t <u then t_ is proper. 


Proof: (i) Let t be admissible and t SU uel Ve ibe open in”. 
X : ; : 
Now w:X X Y(t) ~Y defined by w(x,f) = f(x) is continuous so 
pes X as 

w -(V) is open in XX Y(t). But t <u so w t(v) is also open 

X 
in XX Y(u). Therefore the map w:X X valu) ~Y is also continuous 
so u is admissible. 

(ii) Let u be proper, t <u and let g:ZX X >Y be 

* 


; Xx , : 
continuous. Then, since u is proper, g ?Z —Y(u) is continuous. 


%. 
If Vet then Veu so g “*(V) is open in Z, _ therefore 


5 eer i) 
ow . 8 sou = ne watgoreqos: tt a "0 1° 
ae. 
wa ‘geal a ree = | 


dot: wee 
= Pde i ly ee i bey 
feiaxsq 6 seit > aotseisy old tlie yods: 


nf Ye 


AS] ttodiszd~ . J Joes no estgoloqos te te 


ee 


aedt . A’ jee 8 x03 spiaolouet ows ad y bon 3 


ips 


-auounkino> et (3 Ae (u A)sz qen | ystanebs eas 3 


i rt {4a 4 


tnemsis yteve if yiso bae %} gyvoumisnoa et we yaia 


teeta” 


nant. Ky rol ‘cpencinll ows od uv bas rat 


eidtesiabs et v nef? .u D3 bas bidieninbs ate 
- 


.teaqoxq at 3 ney wes * sd ss ood 


whe sey “ py’ a 


Y ni nago ed V ted ». Uz a- ine 
oe auauntsoo ei (x)t = (es ed 
deqo oels et (v)i woe o 2h 8 %« Fx 
5 Lt nal 
auountsnos oafs ei Y* (oY ee sm odd ot 


we 


_* 


= eh 
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g :Z—Y(t) is continuous so that t is proper. 


X 
5-10 Theorem: If t, u are two topologies for Y such that t is 


proper and u is admissible, then t<u. 


Proof: Since u is admissible the mapping w:X xX eal ~Y is 
= X 
continuous. Therefore, so is the mapping w: Y (u) X X ~Y defined 
by wf x) = w(x,f) = f(x) . Since t is proper, the associated mapping 
> 
os —* xX X —* 
for w, w<:Y¥ (u) ~Y(t), is continuous. But w is the identity 


=e oo, 
map since for all x € X, w f(x) = w(f,x) = w(x,f) = f(x) for all 


X —* 
feyY , therefore w(f) = f£. Thus by Theorem 5.8 t ie 


5ell Theorem: 


X 
i) ©The discrete topology on Y is the largest admissible 


topology. 


X 
ii) The trivial topology on Y is the smallest proper 


topology. 


X : : 
Proofs (i) Let d be the discrete topology on Y , which is 
X 
certainly the largest. It is also admissible since w:X X Y (d) ~Y 


is continuous. 


X ; 
(ii) Let t be the trivial topology on Y , which is 
certainly the smallest. Let Z be any space and let g?ZX X ~Y be 
e 
continuous. Then g :Z oy (th is certainly continuous so t is 


proper. 
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We now define a class of topologies for a which can be 
classified according to the above discussed material, and investigate 
their relationships to previously discussed topologies. Let S_ be an 
arbitrary cover of X by open sets, and keep S_ fixed throughout the 
following discussion. Let F be any closed set in X which is 
contained in some member of S , and let V_ be an open set in Y. 

We define (F,V) = {g « y*|e(F) <V}, and take the family of all sets 


X 
(F,V) as a subbase for a topology on Y 


5ele Definition: The topology on ys thus determined by S_ is called 


the sigma topology, and will be denoted by co. 


A topological space is said to be regular if for every closed 
set A and x € A, there exist disjoint open neighbourhoods of x 


marie uee A) os 


5215 Theorem: Let sAg berregular and ¥Y arbitrary. For any 5 , 


X 
the sigma topology, oa, on Y is always admissible. 


Proofs Let fe ys and x € X such that f(x) is an element of 

an open set WC Y.. Since f is continuous there is an open set U 
containing x such that f(U) CW. Now there exists an element S ¢€ S 
such that x¢«S , and SfU is an open neighbourhood of x_ such that 
f(S NU) CW. Since X is regular there exists an open neighbourhood 

V of x such that VCSNMUCS and £(V) CW. Now we have 
fe(V,W) €co and x¢€V so VX(V,W) is an open neighbourhood of 
(x,f)t dmc Kix y*(c) . Furthermore, wi(V X (V,W)) = {g(t)|t € V, 

“( 


gi € (V,W)} CW so the evaluation map w:X X Y a) —Y is continuous, 


ad neo doidw % a0 osaseiona 
eisgizeevni bas Por l wooed 
ns od 2 tod . adtgofaqos oiinaiiatioads onan 
edz Juorguoxds boxia 2 qssd bas ,2t92 neqo yd er 


ai doidw X nk tee beeols yas od T ont 4 


Y ak tee nego we od WV sof bane sy 2 tine 


ejon Iis to yiimpt sfv sae? bane» « {v > (aah 

« %y no yRologos n 

| | : 

boifeo ak 2 yd bontmisteb auds - Tay no wasi ona oat nak 
me OD es ~— ad [rbw bas. 


peeols Ves yot ti xsfugst sd 0% bisa et wee? sane A 
«oles aan ; 
L 2. 


1? 
d 
7 “ red 
| 
, ee 
, > 
¢ 


x. @e eboodiwoddgten asgo davot wtb. setxs cial 
6 “* . ha a: th 


2 yas 107 syrewdid3s Y bas peas 
.ol{dizeimbs ita ek , -” 


e 


— 


30 jnomeio ne at (x) sed aus xe #4 


22 2 ansmele ns esakee 919d3 aie % 
jsd3 dove x to boodsuodtigion pine ‘ er: a a 
boon woddgion 48% i baa ered, ted z 
ave ow wot 4 -s ae ‘ 
; ve ae 


* oe 


Le vnunet 


i t ~ 


> 


Ww? aa fll 


- 27 - 
hence o is admissible. 


5-14 Theorem: If X is T, then p.c. Co. 


Proof: Let W(x,U) be any subbase element for p.c. Since X is 
T then {x} is closed and furthermore, {x} CS for some S €S 


Srucesas «1s arcover of X*. “Therefore W(x, U) = ( {x}, U) e Od 


5215 Theorem: ore ls, 


Proof: eec Ay berclosed tr “a such. that “Avc™o “for-some ~S”e*°S 
Let’ U “be Gpen in »Y . Then V = (X XU)'U (X-AX Y) is open'in XX Y 
and H* (AlU). #Thereferé? (A, U) *is open in” T*%,styyg’c T . 


5.16 ~Corotlery: If X “is T, then pece Cac aa 


Helge sHeOLem,=)1t*"X “is"compact then o'c k . 


Proof: For any closed set A such that ACS €S and U open in 


Y , A is compact, and therefore (A,U) = WA,U) so ock. 


5.18. Corollary; .If X is compact and T, then pec. COC k. 


We now show by counter-example that in general the topology 
T,)0n y* is not comparable with a sigma topology. Example 4.3 shows 
that in general tT is not contained in [| , hence by Theorem 5.15 it 
is not contained in o . We now show that in general o is not contained 
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5.1 Exanplesaghet Tak, tipobegasdincbidend Liewe Xe=c%isehOnh) with 
usual topology. Let S_ be the open cover of X _ consisting of all 


sets of the form [0,a) U(b,1] where a, b are rational and a,b € (0,1). 


1 


Define f(x) = 5 for all x «¢€X and let A_ be the closed interval 


(fT al with U_ the open interval (5, ‘) - Then f € (A,U) € a since 
A is contained in the element (0, 5) U (= 1] of S . Now suppose 
n 
x. € X and U, open in Y have been chosen such that f ¢€ .\_[f,x.,U.]. 
i z i=1 Lk ee 


Then € es for all i . Assume without loss of generality that 


O< x < Xo < * 4 .%. < x <1. Now there exists a¢A_ such that 


a + x. fonealle iv=-ly2i ge.,fe, coseithere exists fikecsuch<that 


X <sab<i Xa. Define the function g as follows: 


£(x) ifel gx, §)Xe- (x 5% 5) 


x-a 


cea er B(x, -a) 


if xe [x5 a | 


coum if xe (a, Xe) 


Then g€ aeaad g(x,) = f(x. ) for all i. Furthermore g *(U,) cX= 


ae n 
f *(U;) and thus g€ ,0, [f,x,,U,] . But clearly g(A) ¢ U_ since 
g(a) = 0. Therefore g ¢(A,U) so (A,U) contains no t-open 


neighbourhood of f. Therefore (A,U) is not open in T so o ¢ TN 


X 
A relatively large class of topologies for Y , including the 
class of sigma topologies, can be introduced by considering any family 
{A} of subsets of X, and taking the family of sets (A,U) for 


Xx 
A € {A}, U .open in Y, as a subbase in Y . 
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5-20 Definition: The topology described above is called the {A}-open 

topology, or set-open topology induced by {A} , and will be denoted 
X 

by S . The symbol Y(S) will denote the set ve endowed with the 


topology S . 


5.21 Theorem: If ali the sets in {A} are compact, then the {A}-open 


Xx 
topology» S isi proper for YY... 


Proof: Suppose Z is any space and suppose g:Z X X ~Y is continuous. 

To prove that Lay + y*(s) is continuous it suffices to show that given 

any subbase set (A,V) containing g (z,) , there is a neighbourhood 

U of z, with (0) a AS Voy.) Let g (2) e (A,V) . . Then g (z,)(A) Vee 
But g (z,)(A) = (e (z,)(a) la eA} = (e(z,.a) [a é A} = g(z. MA eae lous 

Zo, XAC g *(v) which is open by continuity of g. For each (za) € 

z, x A there exists an open set W)C ZX X such that (z,,a) eWwic peel ia® 
The collection (w la € A} is an open cover of Zo <x A, which: is 


compact, so there exists a finite subcover of Zo XA, say ve We peoeyW. ° 
1 2 n 


The projection maps of ZX X into Z and X respectively are continuous 
and open, so the projection on Z of each We is an open neighbourhood 

i 
of Zo ° hence so is the set U obtained by taking the intersection 


n bs 
of all such projections. Then Zz, xX ACUXAC WU woes *(v) . Now 


1 
& * t+ * 
g (U) = {g (z)|z € U} , but for any z€U we have g (z)(A) = g(z X A) c 
ee x 
g(U X A) C gg *(V) CV. Thus g(z) ¢(A,V) for each ze€U,_ hence 
x 


¥ 
g (U) c(A,V) as required. So g is continuous, proving that S is 


X 
proper 10t, ‘s 
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5222 Corollary: The k_ topology on ys is proper. 


Proof: The k topology is that set-open topology based on the family 


{K} of all compact subsets of X. 


We have shown above that a proper topology for ys is smaller 
than any admissible topology. (Theorem 5.10.) We thus have the following 


result: 


5225 Theorem: If xX is compact and regular, and o is any sigma 


X 
topology. for, Y,,« then, k= a. 


Proof: EByey.ee, Kie.1S proper for ie And abyn ek (perc oes: ee blit. CG. 


is admissible by 5.13 and hence by 5.10 kCo. Therefore k=o. 
: : : Bae X 
5.24 Theorem: If X is regular then I is admissible for Y 


Proof: By 5.13 o is admissible, and by 5.15 ocCIl . Thus by 5.9 


[ is admissible. 


5225 Theorem: pec. is proper for re L 


Froot. bye oeceen Ke Ls Oroper, and O.c.. C.k-, thus by 5.9 p.c- 


is proper. 


We are now able to augment the conditions under which the 


pointwise convergence topology is contained in the graph topology on Y 


zolieme et Ny se ys go 399074 & tad svods A . 
At gar te 


gniwoflot esi ovsd audy oW (.01.2 meron) r aes 
vb 


ss —a 
smgia yns sh wD bas c10vg93 bos dn i *. a 

ee. par a 

, ' yi '9 cht re 

as 

sq = 


A> V0.8 6 7 rol seqoxg at Parint 


un mall 
a staal P 


=m 
.*y 102 ofdreeimbs 2 4 bits seluger a 


via A 3 i pt 


C.2 yd eit . T50 the bas mt sss as ve. 
' Ley 
+9-g 0.2 yd eels Fi» 42 


oft dtda soba sols 
L% ot sepionse sate wi BE 


ae 


Aa 


= 37 « 


This is known to hold, by 3.2, when X is a T) space. However, it 
is well-known that there do exist spaces which are regular but fail to 


be qT, - Thus the following theorem is of some interest. 


5.20. Ineoremss If X is regular then p.c. CI on ys ; 


Proofs By 5.24 LT is admissible and by 5.25 p.c. is proper for 


X 
VeiLomsTHus BbyesalOcopecear-l . 


We conclude this chapter with a few comments concerning the 


characterization of the topology Tt by the methods of this chapter. 


We have seen already, (Example 4.3) that even under very 
strong conditions on X and Y, the k_ topology is not comparable 
with tT . Thus we can say that under even these strong conditions, 

T is not admissible for seo » for if it were, then by Theorems 5.22 


and 5.10 we obtain the contradiction kCT. 


Similarly, Example 4.3 shows that under very strong conditions 
T is not comparable with [I . Thus we can say that even under the 
conditions present in Example 4.3, tT is not a proper topology for ee : 
for if it were, then by Theorems 5.24 and 5.10 we obtain the contradiction 


that pet 


As a result, we cannot expect that even under strong conditions 
on X and Y the topology tT can be classified by the methods described 


in the present chapter. 
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CHAPTER VI 


SEPARATION AXIOMS 


In this chapter we shall be concerned with the conditions 
under which the function space (F,T) satisfies certain separation 


axioms of general topology. 


A topological space is said to be a Ty space if for each 
pair of distinct points there is an open set containing one but not the 


other. 


6.1 Theorems (F,T) is a T, space if and only if etek he & TO 
Proofs The Ty property is both hereditary and productive, and by 
Theorem 1.4 the pointwise convergence topology is contained in T. 
Therefore, if Y is Ty then so is (F, pec.) and hence (5 7} A 


So we prove only that Y is T, whenever hey) He T 


Suppose (F,T) is T, and let a,b € Y such that a tb. 
Define £, and g to be the functions f(x) = a and g(x) =b for 
BI Xe eee (ee cleree tT 4 g and since (F,T) is Ty there exists an 
Open set U € T such that, without ioss of generality, f¢«U and 
g ¢ U. Let Xe € X and U, Open in Y be chosen such that 


n 
Secor. [f£, nal. 7.— UeeneThenisahsrUdirfor all ofoduln2ve,-tttexefso 
T= 1 idee Tene 1 
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n 
U h i h j s s 
i which is an open set Now g ¢ UW 5s0. ¢ ify [f,x,,U,] 


But gu.) see) OE fA Us) for each i, hence there must exist a k 
n 
such that g(x, ) ¢ UL - Then b ¢ UL so that b ¢ ify U. » but 


n 
Bice inl esse Y, 48.4. \T. space. 
Lata fe) 


6.2 Theorem: CFT) is a a Space if and only if Y* is a T., space. 


Proof: The qT, property is hereditary and productive, therefore by 


Theorem 1.4, if Y is T, so is ore 
Suppose (F,tT) is T, and a,b € Y such that a +b. Define 


f(x) = a and g(x) = b for all x ¢€X. There exist open sets U, V 
in F with f£e€U, gev, £¢V and g¢U. Let x, ¢ X and 


n 
U, open in Y be chosen such that f = iG [f,x,,U,] <U and let 


m 

y, © X and V, open in Y be chosen such that g & A ea. Vee 
. eS eee 

Now g ¢ A [£,x,,U, but g (U,) eiks= £ (U,) so there exists a 
k such that g ¢ W(x,» U,,) « Similarly, there exists a j such that 
£ ¢ Wy j>V.) » Therefore b = g(x, ) ¢ U, and a= £( x, ) eU,; 
similarly a = fly.) 3 v, and .b = a(y,) € Vv, - Therefore U, and 
he are open sets in Y containing a and b _ respectively, but 


3 ¢ v5 and b ¢ UL .-  Inus- * as a “Ll. spaces. 


1 


6.3 Theorem: (F,7) is T, if and only if Y is T . 


Proots The qT, property is hereditary and productive, therefore by 


Theorems]. Lf. iv > is T, $0 Teme er) 
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Suppose (F,tT) is T, and let a,b €Y such that a +b 
Define (f(x) = 8 and. g(x) =b' for all x«X-.-Since fig, 
f, g have disjoint open neighbourhoods U and V. Let i X 


n 
and U,, V, open in ¥Y be chosen such that f ¢€ . [f£,x,,U,] ar 


m n m 
8 € 0, [8¥4>V,! CV. Then (,0,[£,%,,0,]) N (,0,[8,y,.V,]) = g 


n m 
since UN V=4. Furthermore a ¢ OU; and be iY , both 


n m 
sets being open in Y . We claim that (,0,0,) n (,9,7,) ee Loy 


if not, it would contain a point y.: then the function defined by 
h(x) = y for all x ¢ X would satisfy h(x, ) eU, for i= 1,2,...,n 
and h(y,) eV, for i-=1,2,...,m. Furthermore h would satisfy 


be (0) wer £>(U,) and h +(V,) cX = g *(V,) so that he Unv 


which is impossible. Therefore Y isa T, space, 


The author was unable to determine under what non-trivial 
conditions the properties of regularity and complete regularity are 
induced in (F,tT) , and unsuccessful in attempts to construct a counter- 
example. It remains an open question, therefore, whether in general a 


uniform structure can be defined on F which is compatible with T . 


Furthermore, no satisfactory answer was found to the question 


of metrizability of (F,T) . 
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